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EQUIVARIANT COHOMOLOGY AND ANALYTIC 
DESCRIPTIONS OF RING ISOMORPHISMS 



BO CHEN AND ZHI LU 



Abstract. In this paper we consider a class of connected closed G-manifolds with 
a non-empty finite fixed point set, each M of which is totally non-homologous to 
zero in Mq (or G-equivariantly formal), where G = Z-2- With the help of the equi- 
variant index, we give an explicit description of the cquivariant cohomology of such 
a G-manifold in terms of algebra, so that we can obtain analytic descriptions of 
ring isomorphisms among equi variant cohomology rings of such G-manifolds, and 
a necessary and sufficient condition that the equivariant cohomology rings of such 
two G-manifolds are isomorphic. This also leads us to analyze how many there 
are equivariant cohomology rings up to isomorphism for such G-manifolds in 2- and 
3-dimensional cases. 



1. Introduction 

Throughout this paper, assume that G = Z 2 unless stated otherwise. Let EG — > 
BG be the universal principal G-bundle, where BG = EG/G = ILP 00 is the classifying 
space of G. It is well-known that if*(-BG;Z 2 ) = Z 2 [t] with the t one-dimensional 
generator. 

Let X be a G-space. Then Xq '■= EGxqX the orbit space of the diagonal action 

on the product EG x X is the total space of the bundle X — ► Xq — ► BG associ- 
ated to the universal principal bundle G — > EG — > BG. The space Xq = EG x G X 
is called the Borel construction on the G-space X. Applying cohomology with coeffi- 
cients Z 2 to X G gives the cquivariant cohomology Hq(X; Z 2 ) := H*(X G ; Z 2 ). It is well- 
known that equivariant cohomologies Hq(X; Z 2 ) and Hq(X g ;Z*2) are H*(BG; Z 2 )- 
modules; in particular, if£(X G ;Z 2 ) is a free H*(BG; Z 2 )-module. 

Suppose that M is a connected closed manifold and admits a G-action with M G a 
non-empty finite fixed set. For the fibration M — > Mq — > BG, if the restriction to 
a typical fiber 

H* G {M;Z 2 ) — >ir(M;Z 2 ) 

is an epimorphism, then M is called totally non-homologous to zero in Mq (see [B]). 
Under this condition, M is also called G-equivariantly formal (cf. |GKMJ). Note that 
when the action group on M is replaced by a 2-torus (Z 2 ) fc with k > 1 and each 
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component of M K has dimension at most 1 for K < (Z 2 ) fc a corank-1 2-torus, if M 
is (Z 2 ) fe -equivariantly formal (i.e., the edge morphism H* z ^ k (M; Z 2 ) — > if*(M;Z 2 ) 
is surjective), then there is a mod 2 GKM theory (corresponding to GKM theory, see 
[GKMJ, [GZJ), indicating that the (Z 2 ) fc -equivariant cohomology of M can be explicitly 
expressed in terms of its associated graph (Tm, a) (cf. |BGH] . [L]). In particular, when 
k — 1, M is naturally restricted to have dimension at most 1, so this means that the 
GKM theory can be carried out only for at most 1-dimensional G-equivariantly formal 
manifolds. In this paper, we shall give explicit descriptions of equivariant cohomology 
rings of G-equivariantly formal manifolds at any dimension, and these descriptions are 
of algebra rather than combinatorics. 

Let A n denote the set of all n-dimensional connected closed G-manifolds with a 
non-empty finite fixed point set, each of which is G-equivariantly formal. Note that 
obviously A x contains a unique 1-dimensional closed manifold, i.e., a circle S 1 . Taking 
a M in A n , by Conner and Floyd |CFj . one knows that \M | must be even. Let r be 
a positive integer, and write A 2r = {Me A n ||M G | = 2r}. Then A n = J A 2r . Given 

r>l 

a M in A n , we know from |APj and [B] that the following conditions are equivalent 

(1) M is G-equivariantly formal; 

n 

(2) \M G \ = Y J h where 6< is the z-th mod 2 Betti number of M: 

i=0 

(3) Hq(M; Z 2 ) is a free H*(BG; Z 2 )-module; 

(4) The inclusion i : M G > M induces a monomorphism i* : Hq(M; Z 2 ) — > 
^(M G ;Z 2 ). 

If |M G | = 2r, since Hq(M g \ Z 2 ) = if£({p}; Z 2 ) and the equivariant cohomology 

peM G 

of a point is isomorphic to H*(BG; Z 2 ) = Z 2 [t], we have that H* G (M G - Z 2 ) = (Z 2 ) 2r [t] 
is a polynomial ring (or algebra). Thus we obtain a monomorphism from if^(M;Z 2 ) 
into (Z 2 ) 2r [t], also denoted by i*, so Hq(M;Z 2 ) may be identified with a subring (or 
subalgebra) of (Z 2 ) 2r [t\. 

Using the equivariant index, we shall give an explicit description of iJ£(M;Z 2 ) in 
(Z 2 ) 2r [t] (see Theorem 13. ip . Then we consider the following questions: 

(Ql) If the equivariant cohomology rings of two G- manifolds in A n are isomorphic, 
then can the isomorphism between them be explicitly expressed? 

(Q2) When are the equivariant cohomology rings of two G-manifolds in A n isomor- 
phic? 

(Q3) How many are there equivariant cohomology rings (up to isomorphism) of G- 
manifolds in A n ? 

We completely answer (Ql) and (Q2). An interesting thing is that we do not only 
find an explicit description for the isomorphism between equivariant cohomology rings 
of two G-manifolds in A n , but such a description is also analytic (see Theorem 15. II) . so 
that we may obtain a necessary and sufficient condition that the equivariant cohomol- 
ogy rings of such two G-manifolds are isomorphic in terms of algebra (see Theorem 15. 2p . 
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As for (Q3), the question is answered completely in the case n = 2. When n — 3, 
we find an upper bound of the number for the equivariant cohomology rings (up to 
isomorphism) of G- manifolds in A^ r (see Proposition 16. ip . 

The paper is organized as follows. In Section 2 we review the localization theorem 
and reformulate the equivariant index from the work of Allday and Puppe [AP] . In 
Section 3 we study the structure of equivariant cohomology of a G-manifold in A n and 
obtain an explicit description in terms of algebra. Then we completely answer (Q2) and 
(Q3) in the case n = 2 in Section 4. In Section 5, we give an analytic description for the 
isomorphism between equivariant cohomology rings of two G-manifolds in A n , so that 
we may obtain a necessary and sufficient condition that the equivariant cohomology 
rings of two G-manifolds in A n are isomorphic. In section 6, we discuss the number 
of the equivariant cohomology rings (up to isomorphism) of G-manifolds in A| r , and 
obtain an upper bound of the number. 

The authors express their thanks to Shengzhi Xu for helpful conversation in the 
argument of Lemma 16.11 The authors also would like to express their gratitude to 
Professor Volker Puppe, who informed of us that there is an essential relationship be- 
tween the equivariant cohomology rings and the coding theory (see [P]), and Theorem 
3 in |KPj implies that the map g is surjective in the remark [H] of our paper. 

2. Localization theorem and equivariant index 

Suppose that M is an n-dimensional G-manifold with M G a non-empty finite set. 
Let 5* be the subset of H*(BG; Z 2 ) generated multiplicatively by nonzero elements in 
H 1 (BG;7j 2 ). Then one has the following well-known localization theorem (see [APJ, 

mi). 

Theorem 2.1 (Localization theorem). 

S~H* : S- 1 H* G {M;Z 2 ) — ► S' 1 H* G {M G '; Z 2 ) 

is an isomorphism of S~ 1 H*(BG; Z 2 )- algebras, where i is the inclusion of from M G 
into M . 

Take an isolated point p G M G . Let i p be the inclusion of from p into M, then one 
has the equivariant Gysin homomorphism 

V : H G ({p};Z 2 ) — H* G +n (M;Z 2 ). 

On the other hand, one has also a natural induced homomorphism 

i;:H G (M;Z 2 )^H G ({p};Z 2 ) 

and in particular, it is easy to check that i* = ® i* Furthermore, one knows that 

the equivariant Euler class at p is 

XG (p) = i*J P l(l P ) e HZ({p}; Z 2 ) = H n (BG- Z 2 ) = Z 2 t n , 
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which is equal to that of the real G-representation at p, where l p G H G ({p}\ Z 2 ) is the 
identity and Z 2 t n = {at n \a G Z 2 }. Thus, we may write Xcip) — t n - Write 6 p = i p \{l p ). 
Then 9 P G H G (M; Z 2 ) and i;(0 p ) = XG (p). 

Lemma 2.1. ^4// elements 6 p ,p G M G are linearly independent over iJ*(I?G;Z 2 ). 

Proo/. Let E P eA/ G h 9 P = °> where *p e H*{BG; Z 2 ). From [XB Proposition 5.3.14(2)], 
one knows that i* q (0 p ) = for q ^ p in so 

# E w = E w**) = '«w = ta^) = °- 

P eM G peAf G 

Since xc(q) = t n is a unit in S^tf^g}; Z 2 ) = S^H^BG; Z 2 ), one has Z g = 0. □ 
Lemma 2.2. Zet a G S~ X H G (M\ Z 2 ). T/ien 

p£M G 

w/iere /„ = S'-^^a) G S~ x H* {BG;1 2 ) . 

Proof. By |AP|. Proposition 5.3.18(1)], one has that 

a= E ^ _1 V( 5_1 ^(a)/XG(p))- 

pgM G 

Since / p = S^i^a) G S- 1 H*(BG;Z 2 ), one has that = £ G S~ 1 H*(BG;Z 2 ). 

Since S" -1 ^! is a S~ 1 H*(BG; Z 2 )-algebra homomorphism, one has 

^(^(aJ/xoCp)) = = ^"^(lp) = J pAl p ) = ^ 

soa= □ 

P eM G 

Remark 1. (i) By Lemma [2.1} one sees from the formula of Lemma [2.21 that {j£\p G 
M G } forms a basis of S^H^M; Z 2 ) as a S~ 1 H*{BG\ Z 2 )-algebra. 

(ii) In some sense, the formula a = explicitly indicates the isomorphism 

peM G 

S~H* : S- X H^{M\ Z 2 ) — ► S^H^M ; Z 2 ) in Theorem EU which is given by map- 
ping a = E i^to ^. 

pSM G pGM G 

The equivariant Gysin homomorphism of collapsing M to a point gives the G-index 
of M, i.e., 

Ind G : H G (M; Z 2 ) — ► H*~ n (BG; Z 2 ). 
Theorem 2.2. For any a e S~ l H* G (M; Z 2 ), 

= E F 

peA/ G 
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where f p = S ,_1 i*(o!) G S~ 1 H*(BG; Z 2 ) . In particular, if a G Hq(M;Z 2 ), then f p = 
i* p (a) G H*(BG;Z 2 ) and 

(1) Ind G (a) = E ^ G ^ (jBG; Z2) = ZaM - 

p£Af G 

Proof. By |AP| Lemma 5.3.19], one has that Indct^p) = l p , so by Lemma [2.21 

^ v ' / j pi / ■* pi / j pi 

pgm g P eM G P eM G 

The last part of Theorem O follows immediately since H*(BG; Z 2 ) — ► S~ 1 H*{BG\ Z 2 ) 
is injective. □ 

Remark 2. a) It should be pointed out that all arguments in this section can still 
be carried out if the action group G is a 2-torus (Z 2 ) fc of rank k > 1. In this case, 
H*(BG;Z 2 ) is a polynomial algebra Z 2 [ti, £&] where the Vs are one-dimensional 
generators in H 1 (BG; Z 2 ), so that the formula becomes 

(2) Ind G (a) = V -J*- G Z 2 [h, ...,t k ] 

where Xg(p) is a polynomial of degree n in Z 2 [ti, ...,£&]. Note that related results can 
also be found in [D] and |KSj . 

b) The formula ([2]) is an analogue of the Atiyah-Bott-Berlin-Vergne formula for the 
case G = T (i.e., a torus), see [AB2J and |BVj . 

3. EQUIVARIANT COHOMOLOGY STRUCTURE 

In this section, our task is to study the structures of equivariant cohomology rings 
of G- manifolds in A n . 



Lemma 3.1. Let M G A^ r . Then 

dim Z2 if G (M; Z 2 ) 

Proof. Let 



bj if i < n — 1 
2r ifi>n. 



P S (M G ) = y dim Z2 Hq(M; Z 2 )s* 

be the equivariant Poincare polynomial of Hq(X;Z 2 ). Since Hq(M\ Z 2 ) is a free 
H*(BG; Z 2 )-module, one has that H* G {M\ Z 2 ) = H*(M; Z 2 ) <g> Z2 H*(BG; Z 2 ) so 

oo 1 n 

P S (M G ) = ^ dim Z2 Hq(M; Z 2 )s l = — ^ dim Z2 iF(M; Z 2 )s\ 

i=0 i=0 
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Write hi = dim Z2 H % (M\ Z 2 ). Note that 6j = 6 n _j by Poincare duality and b = b n = 1 
since M is connected. Then 

oo 1 n 



i=0 i=0 

,n-l 



= 6 + (&o + 6i)s + -- - + (6o + &! + ••• + 6 n -i)s n_1 + (b + h + ■ ■ ■ + b n )(s n + ■ ■ ■ ) 
= b + (b + h)s + -- - + (&o + &! + ••• + &n-i)s n_1 + 2r(s n + •••)■ 
The lemma then follows from this. □ 
Let x — (xi, X2r) and y = (yi, y 2r ) be two vectors in (Z 2 ) 2r . Define x o y by 

xoy = (xxyx, ...,x 2r y 2r ). 
Then (Z 2 ) 2r forms a commutative ring with respect to two operations + and o. Let 

V 2r = {x = (xi, ...,x 2r ) T G (Z 2 ) 2r ||a;| = J^a- = 0}. 

8=1 

Then it is easy to see that V 2r is a (2r — l)-dimensional subspace of (Z 2 ) 2r , and there is 
only such a subspace in (Z 2 ) 2r . However, generally the operation o in V 2r is obviously 
not closed. 

Given a M G A 2r , one then has that the inclusion i : M G ^ M induces a monomor- 
phism 

r^M;^)— ►(Z 2 ) ar [t]. 



By Lemma [3TTI there are subspaces Vf with dimV^ = bj (i = 0,...,n — 1) of 

3=0 

(Z 2 ) 2r such that 



H'g(M; Z 2 ) ^f(tf G (M;Z 2 )) 



V^t if i < n - 1 
fZ 9 ) 2r f ifz>n 



where V^ M f = {i^v G V^}- 

Lemma 3.2. There are the following properties: 

(1) Z 2 = V M C V X M C • • • C V; M 2 C 1/ M ! = V 2r; w/iere V M ? s generated by 
(1, 1) T G (Z 2 ) 2 - 



n-1 



(2) For c? = ^2 idi < n with each di > 0, v Wd o • - • o t>^ d g V/ , where v t 



2=0 

tij i; o ■ ■ ■ o «ij£/i eac/i G V/ 

Proof. For an element a G Hq(M;Z 2 ) of degree cf, one has that z*(a) = vt d where 
v G (Z 2 ) 2r . Since i* = z*, by Theorem [2T2l one has that 



Ind G (a) =^^r = -E <;(a) = G Z 2 [t] 
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so if d < n, then \v\ must be zero. This means that for each i < n, V^' 1 is a subspace 
of V 2r and V^-\ = V 2r is obvious since dim V^_ 1 — 2r — 1. In particular, when a = 1 is 
the identity of H* G (M;Z 2 ), = i;(l) = (1,...,1) T G (Z 2 ) 2r . Thus, \/ Q M = Z 2 

pGM G 

is generated by (1, 1) T G (Z 2 ) 2r since dimV M = b = 1. Since H G (M;Z 2 ) = 
H*(M; Z 2 ) ®z 2 H*(BG; Z 2 ), one has that (1, l) T t G i*(H G (M; Z 2 )). Thus, for any 
v G V; M with i < n-1, (vt*) o [(1, l) T t] = wf +1 G V^t* 41 , so one has that v G Vg v 
This completes the proof of Lemma [3.2( 1). 

As for the proof of Lemma 0(2), for each vf G V™ , since i* : H G (M;Z 2 ) — ► 
(Z 2 ) 2r [t] is injective, there is a class aj*' of degree i in H G (M; Z 2 ) such that i*(atj ) = 

t l . Since z* = i* is also a ring homomorphism, one has that 

peM G 

n—1 di n—1 di n—1 di 

**<niK>=e«;(niK>=e nn»?)=s-»v/ 

»=0 3=1 peM G i=0 3=1 p£M G i=0 3=1 

Remark 3. An easy observation shows that the properties (1) and (2) of Lemma [3.21 
exactly give a subring structure of 

n M = v M + vft + ■■■ + v^e- 1 + (z 2 ) 2r (t n + ■■■) 

in (Z 2 ) 2r [t]. 

Combining Lemmas 13. 1[ 13. 2\ and Remark [3] one has 

i 

Theorem 3.1. Let M G A 2r . Then there are subspaces V^ 1 with dim V^ M = ^2 bj (i = 

j=0 

0, ...,n — 1) ofV 2r such that H G (M; Z 2 ) is isomorphic to the graded ring 

n M = v M + v x M t + ■■■ + v^ 2 t n ~ 2 + v^r- 1 + (z 2 ) 2r (t n + t n+l + ■■■) 

where the ring structure of 11m is given by 

(a) Z 2 = V M C V X M C ■ ■ • C V™_ 2 C V™_ x = V 2r , where V M is generated by 
(1, .... 1) T G (Za)*; 

n-l 

(b) For d = idi < n with each di > 0, v U)d o • • • o v UJd G Vf 1 , where v U)d = 

i=0 

o • • • o v§ with each Vj G V t M . 
Remark 4. Since H G {M\'L 2 ) is also a free H*(BG; Z 2 )-module, one has that 

1Z M = V M + V x M t + ■■■ + v™ 2 t n - 2 + V™^' 1 + {Z 2 ) 2r {t n + t n+1 + ■■■) 
is a free Z 2 [t]-module, too. 

Next, let us determine the largest-dimensional space V in {V^ M |0 < i < n — 1} with 
the property that u o v G V 2r for M,t) £ 7. 
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Given a vector v G V 2r , set 

V(v) := {x G V 2 r\x OVG V 2r }- 

Then it is easy to see that V(v) is a linear subspace of V 2r , and V(l + v) — V(v), and 
V(v) = V 2r w = or 1 where = (0, 0) T and 1 = (1, 1) T . 

Lemma 3.3. Let v G V 2r ura'^i v ^ 0,1. Then dimV(f) = 2r — 2. 

Proof. Let Vi(i>) = {x G V2 r |^ ° x = x} and "^(v) = {x G V2 r |^ °i = 0}. Obviously, 
they are subspace of V 2r and V 1 (w)nV 2 (i') = {0}. For any x G V(x), x = vox+(vox+x). 
Since v ox G Vi(f) and vox + x G "^(v), one has that V(v) C Vi(i>) © V 2 {v). However, 
obviously Vx{v) © V 2 {v) C V(v). Thus, V(«) = V x {v) © V a (v). 

By §v one denotes the number of nonzero elements in v. Let Jjt> = m. Then 
< m < 2r since t> ^0,1, and m is even since v G V 2r . An easy observation shows 
that dimVi(i>) = m — 1 and dimV2(f) = (2r — m) — 1. Thus, 

dimV(f) = dim Vi(f) + dim V 2 (v) = m — 1 + (2r — m) — 1 = 2r — 2. 

□ 

Lemma 3.4. Let u, v G V2 r - TTien 

V(u + v) = [V(u) n V(v)] U [Var\(V(«) U V(v))]. 

Proof. For any x G V(it+i>), one has that xo(u+v) = xou+xov G V 2r so §(xou+xov) 
is even. Since (j(a + 6) = Jja + Jj& — 2(j(a o 6) for any a, b G (Z 2 ) 2r , one has that both 
|(x o u) and §(x o v) are even or odd. Thus 

V(u + v) 

= {X G V2r\x O U + X O V G V2r} 

= {x G V2 r | f(ion) and (j(x o v) are even} U {x G V^rl U(x o m) and (j(x o t>) are odd} 
= [V(«) n V(v)] U [V 2r \(V(w) U V(v))]. 

□ 

Let f i, Vk G W, and let V(vi, i^) denote V{v\) n • • • fl V(vfc). 

Proposition 3.1. Suppose that l,v±, ...,Vk G V2 r are linearly independent. Then 

dim V(fi, ...,«&) = 2r — 1 — k. 

Proof. One uses induction on k. From Lemma [3731 one knows that the case k — 1 holds. 
If < m, suppose inductively that Proposition 13 . II holds. Consider the case k = m+1. 
Since V(i>i, ...,f m+ i) C V(v a , ...,v m ), one has dimV(t>i, ...,t> m+ i) < dimV(t>i, ...,v m ). 

If dim V(f i, f m +i) = 2r — 1 — m, then V(f i, f m +i) = V(f i, ...,v m ). One claims 
that this is impossible. If so, by induction, dimV(t>2, ...,v m+ i) = 2r — 1 — m so 

(3) V(v 2 ,...,v m+1 ) = V(v 1 ,...,v m ) 
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since V(vi, ...,v m ) = V(fi, v m+ i) C V(t> 2 , f m +i)- In a similar way, one has also 
that 

(4) V(v i, d 3 , u m+ i) = V(vi, v m ). 
By Lemma [3.41 

VK + v 2 ) n V( Vl ) = {[VK) n V(v 2 )] u [V 2r \(V(^i) u V(« 2 ))]} n v(^) 
= [v(vt) n v(u 2 )] n 
= v(«i)nvw. 

Similarly, one also has that V{v\ + t> 2 ) H V{v 2 ) = V(ui) fl V(t> 2 ). Thus 
V(vi + v 2 , v 3 , v m+ i) n V(vi, v m ) 

= {V(«i + u 2 ) n v(u 3 , *wi)} n {V(«i) n V(^ 2 ) n v(v 3 , v m )} 
= v(«i, ...,0 

so 

On the other hand, 

VOi + v 2 ,v 3 ,...,v m+1 )(= V{vi,...,v m ) = V{v 1 ,...,v m+ i)) 
= V{vi + v 2 ) n V(v 3 , v m+ i) 

= {[V( Vl ) n V(v 2 )] U [V 2r \(V(^) U V(v 2 ))]} n V(v 3 , *Wi) by Lemma El 
= V( Vl , ...,v m+1 ) U {[Var\(V(vi) U V(«2))] n V(v 3 , ..,Vi)}- 

This implies that 

(5) [V 2r \(VK) U Vfo))] n V(« 3 , -, v m +i) = 0- 
Combining the formulae ([3]), (T4J) and (jSJ), one obtains that 

V(vi, v m ) = [V(vi) U V(v 2 )] n V(v 3 , ^m+i) by © and ® 

= {V(«i) U V(u 2 ) U [V 2r \(VK) U V(v 2 ))]} n V(u 3 , um+i) by © 

= v 2r n v(v 3 , ...,v m+1 ) 

= V{v 3 , 

so V(f i, f m ) = V(f 3 , However, by induction, dim V(f i, f m ) = 2r— 1— m 
but dim V(f 3 , v m+ i) — 2r — 1 — (m — 1). This is a contradiction. 

Therefore, dim V(f i, f m +i) < dim V(t>i, f m ). 

Now let {xi, x 2r -i- m } be a basis of V(vi, v m ). Since 

there must exist at least one element x in {xx, x 2r _i_ m } such that x ^ V(i>i, w m +i)- 
With no loss, one may assume that x\ V(i>i, u m+1 ). Then xi o t> m+1 ^ V 2r . If 
there is also another Xi(i ^ 1) in {xi, x 2 , x 2r _i_ TO } such that Xj ^ V(f i, v m+ i), 
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then Xi o v m+ i ^ V 2r . However, one knows from the proof of Lemma 13.41 that 
xi o v m+ i + x { o v m+1 G V 2r so x 1 + x i e V(v m+ i) and x 1 + x i e V{v x , v m+1 ). In this 
case, {xi, ...,Xi-\, x\ + Xi, Xj+i, X2 r -i- m } is still a basis of V(v\, v m ) but x\ + Xi G 
V(v i, v m+ i). One can use this way to further modify the basis {xi, X\ + 
Xi,Xi+i, ...,x 2r -i_ m } into a basis {a^, x' 2 , x' 2r -i-m}, such that a/ 2 , x' 2r -i-m £ 
V(ui, ...,u m+1 ) except for x x & V{vi, v m+1 ). Thus, dim V(ui, f m +i) = 2r - 1 - 
(m + 1). This completes the induction and the proof of Proposition 13. 11 □ 

Corollary 3.1. Suppose that 1, v x , Vk G V 2r are linearly independent with V{ o Vj G 
V 2r for any i,j G {1, k}. Then k < r — 1. 

Proof. Since f« o G V 2r for any i,j G {1, k}, 

Span{l, vi, w fc } C V(vx, u fc ). 

So k + 1 < 2r- 1- k, i.e., A: < r- 1. □ 

Corollary 3.2. The largest- dimensional space of preserving the operation o closed 
in V 2r of {V^lO < i < n — 1} is Vj*^ with dimension r if n is odd, and V^-x with 

dimension < r if n is even but bn. ^ ; and V¥_, = V¥ with dimension r if n is even 

2 2 1 2 

and biz = 0. 

2 

Proof. Since &o + &i + • • • + K-i + b n = 2r and 6, = 6 n _j (note & = 6„ = 1), if n 
is odd, then 6 + bi + • • ■ + fyf] = t so dim V^m = r. Since 1 G V^ M for each i, by 
Corollary 13. 11 the largest-dimensional space of preserving the operation o closed in V 2r 
of {V^ M |0 < % < n — 1} must be Vpq. If n is even and bn ^ 0, then bo+bi + - ■ •+fes_j < r 

but &o + &i + ■ ■ • + &a > r so the required largest-dimensional subspace is Vi 4 , with 

2 2 

bn 

dimension r — J- < r. If n is even and bn = 0, then 

2 2 ' 

&o + &H h = 6o + °i H 1" = r 

so the desired result holds. □ 

4. 2-DIMENSIONAL CASE 

Let M G A| r . By Theorem 13.11 we know that 

H* G {M- Z 2 ) Vq M + V 2r t + (Z 2 ) 2r (t 2 + t 3 + ■■■). 

This means that the ring structure of Hq(M; Z 2 ) only depends upon the number 
2r = |M G |. Thus we have 

Proposition 4.1. Let Mi,M 2 G A 2 . Then #£(Mi;Z 2 ) and if£(M 2 ;Z 2 ) are isomor- 
phic if and only if |Mp| = |M 2 G |. 

An easy observation shows that for an orientable connected closed surface S 9 with 
genus g > 0, S 9 must admit a G-action such that |S G | = 2(g + 1). Thus, for each 
r > 1, ASf* is non-empty. 
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Remark 5. However, one knows from [BJ that BLP 2 never admits a G-action such that 
the fixed point set is a finite set so IRP 2 doesn't belong to A 2 . Actually, generally each 
non-orientable connected closed surface S g with genus g odd must not belong to A 2 . 
This is because the sum of all mod 2 Betti numbers of S g is 2 + g, which is odd. 

As a consequence of Proposition 14.11 one has 

Corollary 4.1. For each positive integer r, all G -manifolds mA* determine a unique 
equivariant cohomology up to isomorphism. 



Remark 6. For each M G A 2 ,*", its equivariant cohomology Hq(M; Z 2 ) may be expressed 





in a simpler way. Since (1, 1) T G Vq* = Z 2 and |u| = for v G V 2r , one has that 



{cti = ■ ■ ■ = a 2r if deg a = 
£ n -f A 1 I' 

2^ «j = it deg a = 1 J 

i=i 

Compare with [GHl Proposition 3.1], Goldin and Holm gave a description for the 
equivariant cohomolgy of a compact connected symplectic 4-dimensional manifold with 
an effective Hamiltonian ^-action with a finite fixed set, so that they computed the 
equivariant cohomology of certain manifolds with a Hamiltonian action of a torus T 
(see \GH\ Theorem 2]). Similarly to the argument in [GHj . using this description of 
Hq(M; Z 2 ) and the main result of Chang and Skjelbred [CS] , one may give an explicit 
description in Z 2 [ii, £&] of the equivariant cohomology of a closed (Z 2 ) fc -manifold N 
with the following conditions: 

(1) The fixed point set is finite; 

(2) The equivariant cohomology of AT is a free iP(P(Z 2 ) fc ; Z 2 )-module; 

(3) For K < (Z 2 ) fc a corank-1 2-torus, each component of N K has dimension at 
most 2. 

We would like to leave it to readers as an exercise. For this description in Z 2 [ii, ...,£&] 
of H'L \jt(AT; Z 2 ), actually the above restriction condition (3) for each component of 

N K is the best possible since generally there can be different equivariant cohomology 
structures for G-manifolds in A 2r when n > 3 (see, e.g., Section 6 of this paper). 

5. An analytic description of ring isomorphisms and a necessary and 

sufficient condition 

The purpose of this section is to give an analytic description for the isomorphism 
between equivariant cohomology rings of two G-manifolds in A n and to show a neces- 
sary and sufficient condition that the equivariant cohomology rings of two G-manifolds 
in A n are isomorphic. 

Let 

W 2r = {a G AutV 2r C GL(2r, Z 2 )| a(x o y) — a(x) o a(y) for any x,y G V 2r }. 

Given two a, r in W 2r , it is easy to check that or G W 2r . Thus one has that W 2r . is a 
subgroup of AutV 2r . 
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Lemma 5.1. W 2r is the Weyl subgroup o/GL(2r, Z 2 ). 

Proof. By [XB1], it suffices to prove that W 2r is isomorphic to the symmetric group 
S 2r of rank 2r. Let a = (aij) 2rx2r be an element of W 2r C GL(2r, Z2). Since a is 
an automorphism of V2r, there exists a vector x G V2 r such that c(x) = 1 where 
1 = (1 , 1) T . Since 1 o a; = x for any x G V2 r , one has that 1 = = cr(l 01) = 

2r 

crfe) = cr(I) SO 

2r 

(6) aij = 1, for i = 1,2,..., 2r. 

i=i 

On the other hand, for any x = (x\, x 2r ) T and y = (yi, y2r) T in V2r, one has that 
o~(x oy) — a(x) o a{y) so 

2r 2r 2r 

(7) ^auxiyi = (^2aijXj)(^2ai k y k ), for i = 1, 2, 2r. 
z=i j=i fc=i 

From ([(3]) one knows that for each the number of nonzero elements in an, a^r 
is odd. 

Now let us show that for each i, q(i) actually must be 1. Taking an i, without loss of 
generality one may assume that an = ■ ■ ■ = a iq ^) = 1, and aj( g (j) + i) = • • • = a i2r = 0. 
Then from ([7]) one has 

q(i) q(i) q(i) 

(8) £^)(X)i/a)+X) ^2/i = 0. 

j=i k=i 1=1 

If q(i) > 1, taking x with x\ = x q ^ = 1 and Xj = for j ^ l,q(i) and y with 
1/2 = y q {i) = 1 and ?/fc = for k 7^ 2, the left side of ([8]) then becomes 1, but this 
is impossible. Thus q{i) = 1. 

Since q(i) = 1 for each i, this means that a is actually obtained by doing a per- 
mutation on all rows (or all columns) of the identity matrix. The lemma then follows 
from this. □ 

Theorem 5.1. Let M\ and M 2 in Aff . Suppose that f is an isomorphism between 
graded rings 

n Ml = v Ah + ■■■ + v™j 2 t n ~ 2 + v 2r t n ~ l + (z 2 ) 2r (t n + ■■■) 

and 

k M2 = v M2 + ■■■ + v^_\t n - 2 + v 2r t n ~ l + (z 2 ) 2r (r + •••)• 

00 

Then there is an element a G W 2r such that f = ^2 at 1 is analytic, where f((3) = 

i=0 

00 00 

£ a(vi)t* for (3 = £ v { ? G K Ml . 

i=Q i=0 
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Proof. Since the restriction f\v 2rt n-i : V 2r t n ~ x — ► V 2r t n ~ x is a linear isomorphism, 
there exists an automorphism a of V 2r such that /|v 2r t n - 1 = o~t n ~ l . 

First, let us show that a G W 2r - Since x o x = x for any x G (Z 2 ) 2r and / is a ring 
isomorphism, one has that for any v G V2 r , 

f(vt 2n - 2 ) = f(v o ^ 2n ~ 2 ) = fivt^fivr- 1 ) = a(v) o cr(t;)t 2n - 2 = a(v)t 2n - 2 

so /|v 2r t2n-2 = at 2n ~ 2 . Furthermore, for any Vi,v 2 G V 2r , one has that 

<t(«i O V 2 )t 2n - 2 = f( Vl O V 2 t 2n ~ 2 ) = /(^r- 1 )/^"- 1 ) = tjfa) O cr^t 2 "- 2 

so o"(ui o v 2 ) = c(vi) o cr(f 2 ). Thus, a G W 2r - 

By Theorem 13.11 for each i < n — 1, 1 G V^ M C V2 r , and one knows from the proof 
of Lemma I5TT1 that er(l) = 1 so /|yM = cr. By RemarkHJone knows that TZm^ i = 1, 2, 
are free Z 2 [t]-modules, and it is easy to see that / is also an isomorphism between 
free Z 2 [t]-modules TZmi an d T^m 2 - F° r < i < n — 1, let t> G V^ 1 C V2 r , since 
/|v 2r t»-i = crt n_1 , one has that 

fivfy 1 - 1 - 1 = f(vt n ~ l ) = a{v)t n - 1 

so /(ft*) = cr(t))f . Thus, /|y.M t < = erf for < % < n — 1. 

Let £ = a(n — 1) + b > n with b < n — 1. For any t> G V2 r , one has that 

f(vt e ) = fiv^ovt^' 1 ^ = [f{vt n ' l )] a t b = a(v)o_^oa(v)t £ = a(v)t e . 

a a 

Thus, for i >n, f\\>M t i = at. 

Since V 2r is not closed with respect to the operation o by Corollary 13.11 there must 
be u, w G V 2r such that u o w G" V2 r - Since V2r has dimension 2r — 1, one then has that 
(Z 2 ) 2r = V2r + Span{uou>}. Actually, this is a direct sum decomposition of (Z 2 ) 2r , i.e., 
(Z 2 ) 2r = V2r©Span{Moiy}. Furthermore, let x G (Z 2 ) 2r , then there is a vector v G V 2r 
such that x can be written as v + o w where e = or 1. For z = a(n — 1) + 6 > n 
with 6 < n — 1, since /|yM t j = crP for any j > n — 1, one has that 

f(xt i )t n ~ 1 - b = f(vt l + euo wt i )t n - 1 ~ b 

= f(vt i )t n ' 1 - b + ef{u o wt l )t n ^ b 

= f(v& +l ^ n - 1 ^) + ef(\ut n - 1 } o [wt a ^ n - l) }) 

= a(v)t {a+l){n - l) +ef(ut n ~ 1 )f(wt a{n - l) ) 

= a(v)& +1 ^ n ~^ + ecr(u) o a(w)& +1 ^ n ~^ 

= [ct(u ) + ea{u) o a(w)]t( a+1 K n -V 

= cr(v + euo tu)^ * 1 )^- 1 ) since a G W 2r 



so f(xt l ) = a(x)t. Thus /| (^ 2 )2T- t i = erf for i > n. 
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Combining the above argument, we complete the proof. □ 

Theorem 5.2. Let M 1 and M 2 in A 2r . Then H* G {M 1 ]Z 2 ) and H G (M 2 ;Z 2 ) are iso- 
morphic if and only if there exists an element o G W 2r such that a isomorphically 
maps V^ Ml onto V^ 2 for i < n — 1 . 

Proof. Suppose that LL G [M\] r L 2 ) and H G (M 2 ;Z 2 ) are isomorphic. Then by Theo- 
rem 13.11 there is an isomorphism / between graded rings 

n Ml = v Ah + ■■■ + v n A %t n ~ 2 + v 2r t n - 1 + (z 2 ) 2r (t n + ■■■) 

and 

n M2 = v Ah + ■■■ + v A %t n ~ 2 + v 2r t n - 1 + (z 2 ) 2r (r + ■■•)• 

oo 

One knows from Theorem 15.11 that there is an element a G W 2r such that / = °~t l - 

i=0 

Then the restriction f\ y M lti = atf, which is an isomorphism from V AIl t l to V Al2 t l for 
i < n — 1. Thus a isomorphically maps V Al1 onto V i 2 for i < n — 1. 

Conversely, if there exists an element o G W 2r such that a isomorphically maps 

oo 

V Al1 onto V Al2 for i < n — 1 , then by Theorem 15.11 at 1 gives an isomorphism 

i=0 

between graded rings K Ml = V Ml + ■■■ + V A !} 2 t n ~ 2 + V 2r t n - X + {Z 2 ) 2r {t n + ■ ■ • ) and 
^m 2 = V Q M2 + ■■■ + V^%t n - 2 + V 2r t n - 1 + (Z 2 ) 2r (t n + ••■)• Then H* G {M X - Z 2 ) and 
Hq{M 2 \7L>i) are isomorphic by Theorem 13.11 □ 

Remark 7. Let M U M 2 G A n . One sees from Theorem [El that if |Mf | 7^ |M 2 G |, then 
Hq(Mi] Z 2 ) and Hq(M 2 ] Z 2 ) must not be isomorphic. 

In the case n = 3, for M G A| r , since 

H* G (M- z 2 ) = y A/ + v; M t + V 2r t 2 + (Z 2 ) 2r (t 3 + ■••), 

one sees that the structure of H G (M;Z 2 ) actually depends upon that of V^ 1 . Thus, 
Theorem 15.21 has a simpler expression in this case. 

Corollary 5.1. Let M x and M 2 in Af . Then F^(Mi;Z 2 ) and H G (M 2 ;Z 2 ) are iso- 
morphic if and only if there exists an element a G W 2r such that a isomorphically 
maps V Ah onto V Ah . 

6. The number of equivariant cohomology structures 

In this section we shall consider the number of equivariant cohomology rings up to 
isomorphism of all 3-dimensional G-manifolds in A 2r . For M G A| r one knows that 
Vf 4 has dimension r and is the largest-dimensional subspace of V 2r with the property 
that u o v G V 2r for m,d6 V ai by Corollary 13.21 

Let A4 r denote the set of those 2rxr matrices (v\, v r ) with rank r over Z 2 such 
that Vi o Vj G V 2r for any 1 < i, j < r. Ai r admits the following two actions. 

One action is the right action of GL(r, Z 2 ) on M. r defined by (vi, v r )X for A G 
GL(r, Z 2 ). It is easy to see that such action is free. Obviously, all column vectors of 



EQUIVARIANT COHOMOLOGY AND ANALYTIC DESCRIPTIONS OF RING ISOMORPHISMS 15 

each matrix (vi, v r ) span the same linear space as all column vectors of (v 1: v r )X 
for A G GL(r, Z 2 ). 

The other action is the left action of the Weyl group W 2r = S 2r on M. r defined by 
a(v i, v r ) = (avi, av r ) for w r ) G .M r and a G <S 2r . In general, this action is 

not free. 

For M G A| r , since the space Vf 4 C V 2r may be spanned by all column vectors of 
some matrix (vi, ...,v r ) in Ai r , the number of all possible spaces V^ 1 C V 2r is at most 
\M r /GL(r,Z 2 )\ = 



Together with the above understood and Corollary 15.11 one has 

Proposition 6.1. T/ie number of equivariant cohomology rings up to isomorphism of 
all Z 2 -manifolds in A| r is at most 

\S 2r \M r /GL(r,Z 2 )\. 

Remark 8. There is a natural map g from Ag r to A4 r /GL(r, Z 2 ). If this map is sur- 
jective, then the number of equivariant cohomology rings up to isomorphism of all 
Z 2 -manifolds in A| r is exactly \S 2r \Ai r /GL(r, Z 2 )|. To determine whether g is surjec- 
tive or not is an interesting thing, but it seems to be quite difficult. 

Generally, the computation of the number \S 2r \J\4 r /GL(r, Z 2 )| is not an easy thing. 
Next, we shall analyze this number. 

Taking an element A G A4 r , there must be a G S 2r and A G GL(r, Z 2 ) such that 



crAX 



so each orbit of the orbit set iS 2r \A^ r /GL(r, Z 2 ) contains the representative of the form 
where I r is the r x r identity matrix. It is easy to check that P G 0(r, Z 2 ), 



r 
P 

where 0(r, Z 2 ) is the orthogonal matrix group over Z 2 . Obviously, 0(r, Z 2 ) always 
admits the left and right actions of the Weyl group S r in GL(r, Z 2 ). 

Lemma 6.1. \S 2r \M r /GL{r, Z 2 )| < \S r \0{r,Z 2 )/S r \. 

Proof Suppose that Pi,P 2 G 0(r, Z 2 ) belong to the same orbit in S r \0(r,Z 2 )/S r . 
Then there exist r, p in S r such that 

rPip = P 2 . 

Let o = . Then a G S 2r . Obviously, 

Ir\ _ ( P~ 1 P\ _ ( I, 



a \ Pl P-\rP lP )-\P 2 
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Pi 



so | \ and I p ) belong to the same orbit in iS 2r \.M r /GL(r, Z 2 ). This means that 



|S 2r \.Mr/GL(r,Z 2 )| < |5 r \0(r,Z2)/5 r 



This completes the proof. 



□ 



Remark 9. Generally, |iS 2r \.M r /GL(r, Z 2 )| is not equal to \S r \0(r, Z 2 )/«S r |. For exam- 
ple, take 



Pi 



/0 1 1 1 1 1^ 
10 1111 
110 111 
1110 11 
11110 1 

\l 1 1 1 1 0/ 



and P 2 



/0 1 1 1 1 1\ 

1 1 1 

10 10 1 

10 10 1 

1 1 1 

\l 1 1 1 1 0/ 



it is easy to check that Pi and P 2 don't belong to the same orbit in S 6 \0(6, Z 2 )/S 6 , 
h\ „ i Me 



but 



Pi 



and 



belong to the same orbit in <S 12 \.M 6 /GL(6, Z 2 ). 



Definition 6.1. Let A = (v±, ...,v r ) G M. r . One says that A is irreducible if the space 
Span{t> 1? v r } cannot be decomposed as a direct sum of some nonzero subspaces 
Vi, Vi, I > 1, with the property that Vi oVj — {0} for i ^ j, where V{ o Vj = {0} 
means that for any x G Vi and y G Vj, x o y — 0. 



We would like to point out that if one can find out all possible irreducible ma- 
trices of Ai r for any r, then one can construct a representative of each class in 
S 2 r\M r /GL( y r,Z 2 ), with the form 



Mi 


. 







A 2 . 


. 


v° 


. 


• A s ) 



where the blocks ASs are irreducible matrices. 
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The following result shows that there exists at least one irreducible matrix in M. r 
for almost any positive integer r. Let 



A(l) = 



(I 














o\ 


1 














1 


1 











1 





1 








1 








1 





1 











1 


1 














1 


1 


1 


1 


1 


1 





1 


1 


1 


1 


1 





1 




















1 




















1 




















1 





Vo 














1/ 



(2Z-l)x(Z-l) 



be a (21 — 1) x (/ — 1) matrix with I > 4 and l /xl = (1 , 1) T . Note that only when 

/ > 4 is even, the first column vector v of A(l) exactly has the property \v\ = in Z 2 . 
Lemma 6.2. (a) For even r > A, there exists an irreducible 2r x r matrix 

(A(r) l (2r _i )xl \ 

V 1 )■ 

(b) For odd r > 7, there exist irreducible 2r x r matrices of the following form 

(A{s) l (2s _ 1)xl \ 
^ A(t) l {2t _ 1)x J 

with only two blocks A(l) 's, where s + t = r + 1 and s,t > 4 are even. In particular, 
both( A ^ ° Wi)xA and fA(s 2 ) I (2S2 _ 1)X A M same 

V Mh) l(2 tl -l)xlj V I(2t 2 -l) X l/ 

orbit in iS 2r \A / i r /GL(r, Z 2 ) if and only if {si, ti} = {s 2 , t 2 }, where Sj + tj = r + 1 and 
Sj, tj > 4 are even /or j = 1,2. 

Remark 10. (i) A direct observation shows that when r = 1, A4i contains a unique 
matrix ^jj , which is irreducible, and when r = 2, 3, 5, there is no any irreducible ma- 
trix. However, we don't know whether those irreducible matrices stated in Lemma IfTSj 
with together, give all possible irreducible matrices. 

(ii) For odd r > 7, let A(r) denote the number of the orbit classes of irreducible 
matrices in t S 2r \A / i r /GL(r, Z 2 ). By Lemma |6.2[ A(r) is equal to or more than the 
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number of the solutions (x, y) of the following equation 




Then, an easy argument shows that the number of solutions is [ 2 1 1 ] = t^T^]' 
so A(r) > [==5]. 

Let A = (i>i, v r ) G Ai r - Set 

V(A) := Span{ui, v r } 

and 

X(A) := Span{fj o Vj\i,j = 1, r}. 
It is easy to see the following properties: 
(PI) V(A) C X(A) C V 2r so r < dimX(A) < 2r - 1; 

(P2) If A, 5 G Al r belong to the same orbit in S 2r \M r /GL(r, Z 2 ), then A' (A) is 
linearly isomorphic to 

Fact 1. Let A G .M r . If A is not irreducible, then there exists a 2k x k matrix A 2 k X k 

and a 2lxl matrix A 2 i x i with k + l = r such that A and (^ 2 ^ xk ® ] belong to the 

\ U A 2 i x i J 

same orbit in S 2r \Ai r /GL(r,Z 2 ) . 

Proof. If A is not irreducible, by definition, there exists a k± x fc 2 matrix Ajt lX fc 2 and a 

/1 xl 2 matrix Ai lX i 2 with fci + ii = 2r and k 2 + l 2 = r such that A and ( ^~ kl * k2 ® j 

\ U A hxl 2 J 

belong to the same orbit in S 2r \Ai r /GL(r,7j 2 ). By Proposition 13.11 and the proof 
method of Corollary 13. 1[ one has that k 2 < k\j2 and l 2 < l±/2. Then the relations 
k\ + 1\ — 2r and k 2 + l 2 = r force k 2 = k\j2 and l 2 = h/2. □ 



Fact 2. Let A G M r - If dim X (A) = 2r — 1, then A is irreducible. 



A 2 kxk 

A 2lxl 



Proof. Suppose that A is not irreducible. By Fact 1, there is a matrix 
that is in the same orbit as A. Thus 

dimX(A) = dim X(A 2kxk ) + dimX(A 2lxi ) < (2k - 1) + (21 - 1) = 2r - 2 
by (PI). This is a contradiction. □ 

Remark 11. Let A G M. r . Then there is a matrix P G 0(r, Z 2 ) such that A and 

belong to the same orbit in «S 2r \.M r /GL(r, Z 2 ). Furthermore, an easy argument shows 
by (P2) that if dim X(A) = r, then P can be chosen as being I r , so A is not irreducible 
when r^l. 
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Now let us give the proof of Lemma 16.21 

Proof of LemmalEE Let A = -( 2 ^ 1)x1 ^ = {v x , v r ^, l 2rxl ). By Fact 2, 

it suffices to check that dim X (A) = 2r — 1. A direct observation shows that 

{Vt o v 2 , Vi o V 3 , ...,V 1 o v r - lt V 2 o v 3 , v u v 2 , v 3 , tv_i, I 2rx i} 

are linearly independent, so dim,Y(A) > 2r — 1. Since dimA'(A) < 2r — 1 by (PI), 
dim X{A) = 2r — f. This completes the proof of Lemma [6.2( a). 

In a similar way to the above argument, one may show that ( n -( 2s ^ 1 ) xl 

V u A W A(2t-i)xi 

is irreducible, too. 






Suppose that 



V 












A(s 3 ) 




i(2s!-l)xl^ 

I(2S 2 -1)X1 
I(2s 3 -l)Xl 

A(sk) I (2sfe -i)xi/ 









is a 2r x r matrix and 



k k 

is irreducible. Then one must have that ^(sj — 1) + 1 = r and ^(2sj — 1) = 2r. From 

i=l i=l 

these two equations, it is easy to check that k must be 2. 



The proof of the last part of Lemma [6.2( b) is immediate. 



□ 



Remark 12. By a direct computation, one may give the first 6 numbers for N(r) 
\S 2r \M r /GL(r,Z 2 )\ as follows: 



r 


1 


2 


3 


4 


5 


6 


N(r) 


1 


1 


1 


2 


2 


3 



The representatives of all orbits in S 2r \Ai r /GL(r,Z 2 ) for r < 6 are stated as follows: 



r 


1 


2 


3 


4 


5 


6 


Rep. 


(!) 


© 






// 5 \ fB(4) \ 
\hj' V hxJ 


© 


/S(4) \ 
V o 1 2X J 



where !?(/) = f^g^ ^( 2 '^ 1 ) xl V Note that for r > 7, one also can find the lower 
bound of iV(r) as follows: 



r 


7 


8 


9 


10 


11 


12 


13 


14 




iV(r) > 


4 


6 


7 


9 


12 


16 


20 


25 





References 



[ABl] J.L. Alperin and R.B. Bell, Groups and representations, Graduate Texts in Mathematics 162 
(1995), Springer- Verlag. 



20 



BO CHEN AND ZHI LU 



[AB2] M. Atiyah and R. Bott, The moment map and equivariant cohomology, Topology 23 (1984), 
1-28. 

[AP] C. Allday and V. Puppe, Cohomological Methods in Transformation Groups, Cambridge Studies 

in Advanced Mathematics, 32, Cambridge University Press, 1993. 
[B] G. E. Bredon, Intrduction to compact transformation groups, Pure and Applied Mathematics, 

Vol. 46 Academic Press, New York-London, 1972. 
[BGH] D. Biss, V. Guillemin and T. S. Holm, The mod 2 cohomology of fixed point sets of anti- 

symplectic involutions, Adv. Math. 185 (2004), 370-399. 
[BV] N. Bcrline and M. Vergne, Classes caracteristiques equivariantes. Formules de localisation en 

cohomologie equivariante, C. R. Acad. Sci. Paris Sr. I Math. 295 (1982), 539-541. 
[CF] P.E. Conner and E.E. Floyd, Differentiable periodic maps, Ergebnisse Math. Grenzgebiete, N. 

F., Bd. 33, Springer- Verlag, Berlin, 1964. 
[CS] T. Chang and T. Skjelbred, The topological Schur lemma and related results, Ann. of Math. 100 

(1974), 307-321. 

[D] T. torn Dieck, Characteristic numbers of G -manifolds. I, Invent. Math. 13 (1971), 213-224. 
[GH] R. Goldin and T. S. Holm, The equivariant cohomology of Hamiltonian G-spaces from residual 

S 1 actions, Math. Res. Lett. 8 (2001), 67-77. 
[GKM] M. Goresky, R. Kottwitz, and R. MacPherson Equivariant cohomology, Koszul duality, and 

the localization theorem, Invent. Math. 131 (1998), 25-83. 
[GZ] V. Guillemin and C. Zara, 1-Skeleta, Betti numbers, and equivariant cohomology, Duke Math. 

J. 107 (2001), 283-349. 

[H] W. Y. Hsiang, Cohomology theory of topological transformation groups, Ergebnisse der Mathe- 
matik und ihrer Grenzgebiete, Band 85. Springer- Verlag, New York-Heidelberg, 1975. 

[KS] C. Kosniowski and R.E. Stong, (Z2) fe -actions and characteristic numbers, Indiana Univ. Math. 
J. 28 (1979), 723-743. 

[KP] M. Kreck and V. Puppe, Involutions on 3-manifolds and self-dual, binary codes, 

larXiv:0707. 15991 
[L] Z. Lii, Graphs and (Z 2 ) fe -actions, arXiv: |math.AT/0508643| 
[P] V. Puppe, Group actions and codes, Canad. J. math. 153 (2001), 212-224. 

School of Mathematical Science, Fudan University, Shanghai, 200433, People's Re- 
public of China. 

E-mail address: 061018005@fudan.edu.cn 

Institute of Mathematics, School of Mathematical Science, Fudan University, 
Shanghai, 200433, People's Republic of China. 
E-mail address: zlu@fudan.edu.cn 



